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The Pad6 approximant to a given function f(x) is the rational function 
~d3 0fO~e (n, 4: 
so + s,x + . *- + s,xn 
t, + t,x + -** + t&iv ’ c 1 tk 1 f O, 
with contact of the highest order at the origin tof(x) of class C(n+v+l)[O, 11: 
f(x) 5 a, + alx + ... + an+@+’ + O(xmfYf’), a0 f 0. (1) 
It is shown in [I] that provided a certain determinant of the ak is not zero, 
the rational function R,&E, x) of type (n, V) of best approximation to f(x) 
(assumed analytic) on the disc ] x ] < E as E + 0 approaches as a limit the 
function P,,(x) on any closed set within which P,,(x) is analytic. The object 
of the present note is to prove the analogous theorem in the real domain, 
a hitherto open question suggested to me by Dr. Oved Shisha. 
The method of Pad& is as follows. Withf(x) given by (1) we need to deter- 
mine 
akxk + 0(x”+“+‘). (2) 
As Pad6 shows, the determination of the si and ti is equivalent to the deter- 
mination of to, tl ,..., t, and the di , where we set 
t,x’C G C d,xi + O(xn+“+l) 
i=O 
(3) 
and where d,,, = d,,,, = ... = dn+” = 0. This determination is in turn 
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equivalent to the solution for the numbers t, , tI ,..., t, from the two sets of 
equations 
a,t, = do = so , 
a,t, + a& = dl = s, , 
. . . . . . . . . 
I 
(4) 
G&J + 4&l + *.. + a,-,t, = d, = s, ; 
h&+,to + Wl + --a + un-&, = dn+l = 0, 
an+do + a,+ltl + *+* + an+.& = d,,, = 0, 
. . . . . . . . . 
an+dO + a,+,-,t, + a** + ant” = d,,+” = 0. 
(5) 
Equations (4) and (5) are written for the case n b v; in the contrary case 
the numbers ai with negative subscripts are to be taken as zero. 
We shall treat R&E, X) formally by equations precisely similar to (3), (4), 
and (5), where f(x) is still given by (l), but except that &(E, X) of type 
(n, v) is now determined by its property of best approximation to f(x) on 
the segment 6: [0, ~1; we have 
R,,“(E, x) = 2 ; ‘::, ;;;; = C bxx” + O(P+“+l), 
0 k=O 
(6) 
where the coefficients depend on E. 
These coefficients b, , bl ,..., b, are related to the ui and the vi by the sets 
of equations 
7%+V 
y, b,xj . i vkxk = wf uixi + O(xn+“+l), 
j&l k=O i-0 
(7) 
b,v, = uo , 
b,v, + bov, = u, t 
I 
63) . . . . . . . . . 
b,vo + b,-Iv,, + -.- f b,-,v, = u, ; 
b n+lvo + bnvl + e-0 + b,-,+lv, = 0, 
Lvo + bn+lvl + --- + bn-v+svv = 0, 
. . . . . . . . . 
b,+,vo + b,+,+vo + ... + b,v, = 0; I 
(9) 
these equations too are written for n > v, but for v > n we consider all bi 
with negative subscripts to be zero. Of course, equations (9) can perhaps 
be continued, but that is not necessary for our present purposes. 
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We shall prove our principal result: 
THEOREM 1. Let the function 
f(x) = a, + a,x + *-* + un+“X”+” + O(X”+“+l), a0 f 0, 
of cluss P+“+l)[O, I] or of some cluss C+“+l)[O, E], E > 0, for E (> 0) 
su#iciently small, and fixed II and v, and let R&E, x) denote the function of 
type (n, v) of best approximation to f (x) in the (uniform) sense of Tchebycheff 
on the interval 6: 0 < x < E. Suppose we have 
4 a,-, **a an+ 
4%~1.F1 = .“I”” . .4n. . Y’. yy”.‘” # 0; 
an+-1 a n+v *** a, 
then as E approaches zero Rn”(e, x) approaches the Pad6 function P,“(x) of (2) 
on any clased set where P,“(x) is analytic. 
Both P,“(x) and Rn”(e, X) are of type (n, v), so by the extremal property 
of R,,“(E, x) we have 
[max IfC-4 - LJE, 41, x on 61 < bax If(x) - P&)l, x on 81 (11) 
and by Taylor’s theorem with remainder, for x on S for the (Tchebycheff) 
norms 
Ilf(x> - Rsv(~, x)lls < IlfW - Pn”Mlle G Me”+“+l, 
where A4 = max[l fn+v+l(~) - P$‘+’ (x)1, x on S]/(n + v + l)!. Then we also 
have 
II P,“(x) - &a”(~, x)lls d ~MP+“+~. (12) 
In other symbols we have 
11 x (ah - bn) xk: I/ < 2M~“+“+l. 
8 
(13) 
It now follows from Lemma 2 proved below that as a consequence of (13) 
I ak - bk I = O(E) for k = 0, l,..., n + v. (14) 
The conclusion of Theorem 1 follows, from the fact that these n + v + 1 
coefficients bK are “near” the corresponding a,, the equations (9) and (8) 
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for the Us and vk are “near” the equations (5) and (4) for the sic and tk respec- 
tively, and hence their unique solutions uk and vie are “near” the Sk and tk . 
To be more explicit, let us adjoin to the system (9) the equation v,, = v, 
where v is a multiplicative parameter. We now have v + 1 equations with 
v + 1 unknowns v,, , a1 ,..., U, ; for E sufficiently small the determinant of 
the system is different from zero, by (10) and (14). The numbers v1 , v2 ,..., v, 
and u0 , u1 ,..., u, are then uniquely determined by (8) from b, , b, ,..., b,+, 
in terms of the parameter U. Of course equation (6) determines the uj and uj 
from the bk merely to within a multiplicative constant; we shall consider 
such determination as determining the uj and uj uniquely. We adjoin similarly 
the equation to = u to the system (5), so (5) determines to, t, ,..., t, , and (4) 
determines the numbers s,, , s1 ,..., S, uniquely in terms of the multiplicative 
parameter v. The coefficients uj and vj in (6) can be made to differ by as 
small an amount as we please from the corresponding coefficients sj and tj 
in (2), merely by choosing E sufficiently small, and we may choose v,, = to = 
u = 1; the conclusion of Theorem 1 follows. 
It remains to establish two lemmas. 
LEMMA 1. With the hypothesis P(x) = CrcO A&, I P(x)1 < Q for 
0 < x < 1, we have also 1 Ai 1 < CQ, where C is independent of Q. 
Let the Tchebycheff polynomials to(x), tl(x),..., tN(x) of respective degrees 
0, l,..., N be normal and orthogonal on [0, 11. Then we have 
p(x) = f Bktk(x), 
k=O 
Bk = j-’ P(X) t&t) dx, 
0 
and Bessel’s inequality 
f Bk2 < s’ [P(x)]~ dx < Q2. 
k=O 0 
(16) 
However, tk(x) can be expressed uniquely in terms of the set {xi,j = 0, l,..., k}: 
tk(X) = c,, + &lx + --* + CkkXk, 
where the numerical coefficients Cki are well-known. Then we have 
= 5 &Go + f &cc& + -** + k$NB,ck,xN. 
k=O k=l 
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Moreover, since the powers of x are linearly independent on [0, 11, we may 
write 
Ao = $ &Go, Al = f BkCk, ,..., 
k=O k=l 
By the Cauchy-Schwarz inequality we have 
AN = 5 BkCkk. 
k=N 
5 c;, + i C,“, + a-. + f c;, 
k=O k=l k=N 1 
2 C,“, + i c,“, + ‘*’ f f c;, , 
k=O k=l k=N 1 
(17) 
which gives the conclusion of Lemma 1. 
LEMMA 2. With the hypothesis P(r) = ~~zo ALP, 1 P(t)/ < Ql for 
0 < t < r, we have also I Aj’ I rj < C’Q1, where C’ is independent of Q, 
and r. 
We set here t = rx, dt = r dx, x = t/r; then we study P(rx) on 0 < x < 1, 
whence 
s ’ lW$12 dx < Q12, P(rX) = f (Ak’rk) Xk. 0 k=O 
A conclusion of Lemma 1 may be taken as (17), now in the form 
N 
c A2 < CQ”, Aj = Aj’ . rj, (18) 
k=O 
where we have in the notation of Lemma 2 (0 < x < 1) 
i. (Ak’rkj2/C < s,’ [p(rx)12 dx < Qlz. (19) 
We derive from (19) the conclusion of Lemma 1: 
1 Aj’ / rj < C’ * Q1 . 
In the proof of Theorem 1, we have (13), which may be taken in the form 
(n + v constant) 
1 r. (al, - b,) xk 1 < 2Mcn+“+‘, for 0 < X d E. 
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There follows by Lemma 2 
1 a, - bl, 1 ek < 2MCP+“f1, k = 0, 1, 2 ,..., n + v, 
which yields (14) and thus completes the proof of Theorem 1. 
It may be noticed that the conclusion of Theorem 1 follows from (11) 
without explicit extremal assumptions on R,&, E). 
The problems of [ 1, *4] and of the present Theorem 1 were mentioned 
in [2] regarding the polynomial P,,(x) as the limit of the polynomial R,,,(x, E) 
as E + 0, both in the real case and complex case, but without the firm con- 
clusions on P,,(x) and R,,(x, E) established in [l] and here. 
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